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Introduction
The concept of hyperstructure was first introduced by Marty [1] at the eighth Congress of Scandinavian Mathematicians in 1934. Later on, people have observed that hyperstructures have many applications in both pure and applied sciences. A comprehensive review of the theory of hyperstructures can be found in Corsini [2] and Vougiouklis [3] . In a recent book of Corsini and Leoreanu [4] , the authors have collected numerous applications of algebraic hyperstructures, especially those from the last fifteen years to the following subjects: geometry, hypergraphs, binary relations, lattices, fuzzy sets and rough sets, automata, cryptography, codes, median algebras, relation algebras, artificial intelligence and probabilities.
The theory of fuzzy sets, proposed by Zadeh [5] in 1965, has provided a useful mathematical tool for describing the behavior of systems that are too complex or illdefined to admit precise mathematical analysis by classical methods and tools. Extensive applications of fuzzy set theory have been found in various fields such as artificial intelligence, computer science, control engineering, expert systems, management science, operations research, pattern recognition, robotics, and others. In recent years, there has been considerable interest in the connections between hyperalgebras and fuzzy sets. One can distinguish three main approaches. The first approach defines crisp hyperoperations through fuzzy sets. Examples of this approach are Corsini [6] [7] [8] , Cristea [9] , Leoreanu [10] , Serafimidis [11] , Stefanescu and Cristea [12] and so on. The second approach concerns fuzzy hyperalgebras. This is a direct generalization of the concept of fuzzy algebras (fuzzy groups, fuzzy rings, fuzzy modules etc). This approach can be extended to fuzzy hypergroups. For example, given a crisp hypergroup Corsini [15] , Davvaz et al. [16] , Zhan et al. [17] [18] [19] [20] [21] and so on. The third approach involves the definition and study of fuzzy hyperoperations. In analogy to a crisp hyperoperation, a fuzzy hyperoperation maps a pair of elements of a set X to a fuzzy subset in X . Corsini and Tofan introduced some fuzzy algebraic hyperstructures in [22] and Kehagias and Serafimidis [23] continued in this direction.
Recently, Sen et al. [24] introduced and studied the fuzzy hypersemigroups using the third method. Subsequently, Leoreanu and Davvaz [25] and Leoreanu [26] defined and studied the fuzzy hyperrings and fuzzy hypermodules, respectively, in which they followed a connection between hyperrings (resp. hypermodules) and fuzzy hyperrings (resp. fuzzy hypermodules). As a continuation, we study the L-fuzzy hypermodules over an L-fuzzy hyperring in this paper. In Section 2, we summarize some basic concepts which will be used throughout the paper and give the definition of L-fuzzy hypermodules over an L-fuzzy hyperring. The notion of L-fuzzy R-subhypermodules of an L-fuzzy R-hypermodule is introduced in Section 3, and a kind of L-fuzzy quotient hypermodule and an L-fuzzy regular relation are provided and studied by using an L-fuzzy Rsubhypermodule. In Section 4, the concept of L-fuzzy hypermodule (strong) homomorphism is introduced and some related properties are investigated. Some conclusions are given in the last section.
The L-fuzzy hyperoperations and L-fuzzy hypermodules over an L-fuzzy hyperring
In this section, we summarize some basic concepts (see [2, 4] ) which will be used throughout the paper and introduce and study L-fuzzy hypermodules over an L-fuzzy hyperring.
Let H be a non-empty set. A hyperoperation on H is a mapping '' + : H × H → P * (H), where P * (H) is the set of all non-empty subsets in H, written as (x, y) → x + y. We say that (H, +) is a semihypergroup if for any x, y, z ∈ H, we have
A semihypergroup (H, +) is called a hypergroup if for any x ∈ H, we have (x+y)+z = x+(y+z) and x+H = H +x = H. Let K ∈ P * (H). We say that (K , +) is a subhypergroup of (H, +) if for any x ∈ K , we have
The concepts of hyperrings and hypermodules are introduced as follows.
Definition 2.1 ([2]
). An algebraic structure (R, +, ·) is called a hyperring if it satisfies the following conditions:
(i) (R, +) is a commutative hypergroup; (ii) (R, ·) is a semihypergroup; (iii) The hyperoperation '' · is distributive with respect to the hyperoperation ''+'', that is, z · (x + y) = z · x + z · y and (x + y) · z = x · z + y · z for all x, y, z ∈ R.
Definition 2.2 ([2]
). Let (R, +, ·) be a hyperring. A non-empty set M together with two hyperoperations and • is called a left hypermodule over (R, +, ·) (R-hypermodule) if it satisfies the following conditions:
In what follows, all hypermodules are left hypermodules. A non-empty set A in M is said to be an
Now let us recall some fuzzy logic concepts. In what follows, unless otherwise stated, (L, ∨, ∧, ≤, 0, 1) always represents a given complete lattice with an infinitely distributive t-norm T . L-fuzzy sets were introduced by Goguen [27] as a generalization of the notion of Zadeh's fuzzy sets [5] . Let S be a non-empty set. An L-fuzzy subset µ in S is defined as a mapping from S to L. The family of all L-fuzzy subsets in S is denoted by L (S). Let α ∈ L and A a non-empty set in S. By α A we mean that
for all x ∈ S. In particular, when α = 1, α A is said to be the characteristic function of A, denoted by χ A ; when A = {x}, α A is said to be an L-fuzzy point with support x and value α and is denoted by x α . An L-fuzzy point x α is said to belong to an L-fuzzy subset µ, written as In what follows, let us introduce some new L-fuzzy algebraic hyperstructures.
An L-fuzzy hyperoperation on non-empty S is a mapping ⊕ T : S × S → L * (S), where L * (S) is the set of all nonzero L-fuzzy subsets in S, written as (x, y) → x ⊕ T y. If x ∈ S and A, B ∈ P * (S), then by A ⊕ T B, A ⊕ T x and x ⊕ T B, we mean that A ⊕ T B = a∈A,b∈B a ⊕ T b, A ⊕ T x = A ⊕ T {x} and x ⊕ T B = {x} ⊕ T B. S together with an L-fuzzy hyperoperation ⊕ T is called an L-fuzzy hypergroupoid. We say that (S, ⊕ T ) is commutative if x ⊕ T y = y ⊕ T x for all x, y ∈ S. By an L-fuzzy zero (resp. scalar zero) of (S, ⊕ T ) we mean an element 0 of S such that
Now let us define some new L-fuzzy subsets in S as follows. Definition 2.3. Let µ, ν ∈ L (S) and x be any element of S. We define the L-fuzzy subsets
Let R and M be non-empty sets and T :
then by A T B, A T x and r T B, we mean that A T B = a∈A,b∈B a T b, A T x = A T {x} and r T B = {r} T B.
Next let us define some new L-fuzzy subsets in M as follows.
The notions of fuzzy hyperrings and fuzzy hypermodules are introduced by Leoreanu in [25] and [26] , respectively. In a similar way, we give the definitions of L-fuzzy hyperrings and L-fuzzy hypermodules as follows. Definition 2.5. Let R be a non-empty set and ⊕ T , T two L-fuzzy hyperoperations on R. We say that (R, ⊕ T , T ) is an L-fuzzy hyperring if it satisfies the following conditions:
Definition 2.6. Let (R, ⊕ T , T ) be an L-fuzzy hyperring. A non-empty set M together with two L-fuzzy hyperoperations T and T is called a left L-fuzzy hypermodule over (R, ⊕ T , T ) (L-fuzzy R-hypermodule) if it satisfies the following conditions:
In what follows, all L-fuzzy hypermodules are left L-fuzzy hypermodules, and unless otherwise stated, (M, T , T ) denotes an L-fuzzy hypermodule over the L-fuzzy hyperring (R, ⊕ T , T )(L-fuzzy R-hypermodule). Example 2.7. Let R = {a, b} and α ∈ L \ {0} be such that αT α = α. Define the L-fuzzy hyperoperations ''⊕ T '' and '' T '' on R by 
Next, let us give some lemmas which are useful for the following theorems. Lemma 2.9. Let (S, ⊕ T ) be an L-fuzzy semihypergroup and µ, ν, ω ∈ L (S). Then
Lemma 2.10. Let (S, ⊕ T ) be an L-fuzzy hypergroupoid and x, y, z ∈ S and let T be a t-norm on L such that αT α = α for all α ∈ L.
Conversely, assume that the given condition holds. If possible, let (x ⊕ T y)
. This completes the proof. 
Proof. The proof of (1) is similar to that of Lemma 2.8. We only show (2) . (3) can be similarly proved. Let x ∈ M. Then 
where + α , · α , α are defined as in Lemma 2.10 and • α is defined by r • α x = {a ∈ M|(r T x)(a) > α} for all r ∈ R and x ∈ M.
Proof. The proof is similar to that of Lemma 2.10.
The following theorem presents the connection between crisp hypermodules and L-fuzzy hypermodules. In what follows, unless otherwise stated, (M, , •) is a hypermodule over the hyperring (R, +, ·) defined as in Theorem 2.15.
L-fuzzy R-subhypermodules of an L-fuzzy R-hypermodule
In this section, we concentrate our study on the L-fuzzy R-subhypermodules of an L-fuzzy R-hypermodule. We first give the following definition: Proof. We only need to show µ ⊆ µ T µ. In fact, if µ T µ ⊂ µ. Then there exists
The next theorem shows a connection between the crisp subhypermodules of a hypermodule and the L-fuzzy subhypermodules of an L-fuzzy hypermodule. 
Proof. It follows from Theorem 2.14 that (M, α , • α ) is a hypermodule over a hyperring (R,
In a similar way, we may show that R • α µ α ⊆ P * (µ α ) and x ∈ y α µ α implies y ∈ x α µ α for all x, y ∈ M. Consequently, µ α is an invertible hypermodule of (M, α , • α ) over (R, + α , · α ).
Conversely, assume that the given condition holds. First, we show that µ T µ ⊆ µ. 
In particular, ∀r ∈ R, x, y ∈ M, (r T (x T µ))(y T µ) = (r T x T µ)(y). (2) The L-fuzzy hyperoperation '' T '' is well defined.
If M is an L-fuzzy R-hypermodule with L-fuzzy zero 0 and µ an L-fuzzy R-subhypermodule of M such that µ(0) = 1, then the L-fuzzy hyperoperation '' T '' is well defined.
Hence '' T '' is well defined.
(3) Assume that M is an L-fuzzy R-hypermodule with L-fuzzy zero 0 and µ an L-fuzzy R-subhypermodule of M such that µ(0) = 1. Let r ∈ R and ν, ν ∈ L * (M) be such that ν/µ = ν /µ, that is, ν T µ = ν T µ. Then by Lemma 2.12, we have 
This completes the proof. 
This completes the proof.
In a similar way, we have the following theorem. Let ρ be an equivalence relation on an L-fuzzy hypersemigroup (S, ⊕ T ) and let µ, ν be any two L-fuzzy subsets in S and α ∈ L \ {1}. Then we say that µρ α ν if the following conditions hold:
(1) if µ(x) > α, then there exists y ∈ S such that ν(y) > α and xρy;
(2) if ν(a) > α, then there exists b ∈ S such that µ(b) > α and aρb. In particular, when α = 0, an L-fuzzy α-regular relation on M is said to be L-fuzzy regular. As a direct consequence, we have the following result. Proof. Since µ is L-fuzzy invertible, it is easy to see that µ * is symmetric and transitive. Now, we show that µ * is reflexive. In fact, for any x ∈ M, let y ∈ M be such that µ(y) > 0. Then (M T µ)( 
Conclusions
The aim of this paper is to study the L-fuzzy R-hypermodules and investigate some of their properties. In particular, we derive a kind of L-fuzzy quotient hypermodule by using an L-fuzzy R-subhypermodule. Finally, we also discuss the properties of L-fuzzy α-regular relation on L-fuzzy R-hypermodules and L-fuzzy hypermodule (strong) homomorphism.
The obtained results may be applied to other algebraic structures. Our future work on this topic will focus on studying L-fuzzy n-ary hyperalgebras.
